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The past developments on tow-placement technology led to the production of machines capable of controlling ﬁbre
tows individually and placing them onto the surface of a laminate with curvilinear topology. Due to the variation of prop-
erties along their surface, such structures are termed variable-stiﬀness composite panels.
In previous experimental research tow-steered panels have shown increased buckling load capacity as compared with
traditional straight-ﬁbre laminates. Also, numerical analyses by the authors showed that ﬁrst-ply failure occurs at a sig-
niﬁcant higher load level. The focus of this paper is to extend those analyses into the postbuckling progressive damage
behaviour and ﬁnal structural failure due to accumulation of ﬁbre and matrix damage. A user-developed continuum dam-
age model implemented in the ﬁnite element code ABAQUS is employed in the simulation of damage initiation and mate-
rial stiﬀness degradation.
In order to correctly predict the buckling loads of tow-steered panels under compression, it is of crucial importance to
take into account the residual thermal stresses resulting from the curing process. Final failure of tow-steered panels in post-
buckling is predicted to within 10% diﬀerence of the experimental results. Curvilinear-ﬁbre panels have up to 56% higher
strength than straight-ﬁbre laminates and damage initiation is also remarkably postponed. Tow-steered designs also show
more tolerance to central holes than traditional laminates.
 2007 Elsevier Ltd. All rights reserved.
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Straight-ﬁbre laminates are traditionally manufactured by hand lay-up. Acceptable product quality is
diﬃcult to achieve, making this technique cost ineﬀective. With the help of modern automated fabrication0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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winding and automated tape laying allowed the mass production of a variety of composite products and
are an economically viable alternative to traditional hand-layup techniques. Fibre-placement is an innovative
method that allows the production of variable-stiﬀness laminate components by steering ﬁbre-tows through-
out each lamina. By combining features of automated tape laying and ﬁlament winding, automated tow-place-
ment machines are capable of economically producing a wider range of high-quality composite products.
The potential of tow-placed laminates led to the birth of a new branch of research in laminated composite
materials. The increased freedom of design also increases the complexity and requires novel approaches to
many common problems in the engineering of composite laminates. Several diﬀerent approaches have been
used to attempt to adequately model and predict the response of curvilinear-ﬁbre laminates. The motivation
in each case was that by spatially varying the ﬁbre orientations within a ply it might be possible to improve
the structural performance of a laminate. There are several possibilities on how to develop these ﬁbre-steered
paths. Hyer et al. (1989) modelled ﬁbre paths by the ﬁnite element (FE) method. These were piecewise contin-
uous and oriented in the principal stress directions. Due to the coarseness of the mesh used in the analysis, the
layouts produced were not manufacturable due to high ﬁbre angle changes throughout the element edges. In a
follow-up work by Hyer and Lee (1991) the ﬁbre orientations were constrained such that only small variations
in the orientation angle could occur between adjacent elements. In such a way, it was possible to increase buck-
ling resistance while producing designs that could be fabricated. Furthermore, by combining both straight and
curvilinear ﬁbre formats within a laminate, the best buckling and failure results were achieved.
The ﬁrst method of modelling complete ﬁbre paths within a laminate was devised by Nagendra et al. (1995).
A ﬁbre path is the course of a band of tows applied by a tow-placement machine onto the surface of a part, in
a single head pass. The goal of this research was to develop a method of optimising tow paths. The optimi-
sation procedure converted manufacturing limitations of the Cincinnati Milacron’s FPX tow-placement
machine, such as minimum turning radius, into numerical constraints. The paths were deﬁned by passing a
single curve through a set of control points based on a single cubic Non-Uniform Rational B-Splines (NURBS)
curve. By varying the inﬂuence of the basis curve, diﬀerent ﬁbre paths could be created. Once the design path
was determined, subsequent paths were made parallel to it until the entire model surface had been generated.
Then, the resulting ﬁbre paths were imported into a FE mesh generator which proceeded to determine the ﬁbre
orientation within each element. From this information the desired analysis could be performed. One of the
examples Nagendra et al. (1995) explored was the maximisation of the buckling load of the plate-with-hole
problem addressed by Hyer and Lee (1991). After ﬁve design iterations, the buckling load was increased
85% over the initial straight-ﬁbre design.
A second method of modelling complete tow paths was developed in the research started by Gu¨rdal and
Olmedo (1992, 1993) in the early 1990’s at Virginia Tech (USA). The original idea was that the response of
ﬁbre-reinforced laminates could be signiﬁcantly altered by allowing the ﬁbre orientation angle to vary spatially
throughout the structure. Since the ﬁbre orientation deﬁnes the stiﬀness (and strength) properties of a lami-
nate, composite panels with in-plane variations of the ﬁbre angle were termed variable-stiﬀness panels. Accord-
ing to the deﬁnition developed, the ﬁbre-orientation angles varies linearly along a geometric axis of the
composite laminate producing curvilinear ﬁbre paths. A reference path passing through the centre of a ﬂat
rectangular plate is deﬁned. Subsequent ﬁbre paths are obtained by shifting the reference path in the direction
perpendicular to its axis of ﬁbre orientation variation, hence the ﬁbre direction is assumed to vary only in one
spatial direction. Promising results in terms of stiﬀness and buckling generated by analytical and numerical
research were achieved (Olmedo and Gu¨rdal, 1993; Waldhart et al., 1996). Several panels were fabricated
by Wu and Gu¨rdal (2001) to validate the manufacturability of tow-steered laminates. Subsequent testing
by Wu et al. (2002) conﬁrmed the increased load-carrying capability of the variable-stiﬀness panels over tra-
ditional straight-ﬁbre designs. The reason for the remarkable achievements was attributed to the load redis-
tribution from the centre of the panels to the higher-stiﬀened edge regions.
Jegley et al. (2003, 2005) carried out compression and shear tests on steered and non-steered ﬁbre panels
with central holes. In these test the panels were loaded up to ﬁnal failure. Additionally, the authors tried to
simulate these experiments through FE analyses. Not only damage and failure were not taken into account,
the models also failed to predict buckling loads with acceptable accuracy. Wu et al. (2002) also carried out
numerical simulations of compression tests on unnotched tow-steered panels. They managed to achieve good
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application of test support ﬁxtures to straighten the panel edges. This operation was necessary because of
the large anticlastic imperfections, attributed to the fabrication scheme, which are present in the cured vari-
able-stiﬀness panels (Wu and Gu¨rdal, 2001). This is a cumbersome method that implies the measurement
of the physical panel imperfections before and after the attachment of the support ﬁxtures. In this work,
the correct prediction of panel buckling loads is attempted by simply accounting for the residual thermal stres-
ses resulting from the curing process.
So far and Tatting and Gu¨rdal (2001, 2002) have been taking laminate failure into account in the design of
tow-steered laminates by using criteria based on curve-ﬁtting techniques, with the only purpose of guarantee-
ing that ﬁrst-ply failure occurs well after the ﬁrst buckling mode. Lopes et al. (2007) carried ﬁrst-ply failure
analyses on variable-stiﬀness panels, optimised for buckling, by using the set of phenomenological failure cri-
teria LaRC04 developed at NASA Langley Research Centre by Pinho et al. (2005). According to the numer-
ical solutions, tow-steered panels showed improvements as great as 34% when compared with classical
straight-ﬁbre laminates. The objective of this paper is to extend the previous analyses into the complete pro-
gressive damage process and ﬁnal failure of variable-stiﬀness laminates loaded in compression and compare
their performance with traditional laminates. The material model used in this research was developed by
Maimı´ et al. (2007a,b) and is based on Continuum Damage Mechanics (CDM), a methodology well suited
for the simulation of damage evolution and ultimate failure of composite structures.
2. Variable-stiﬀness laminates
The work carried by Tatting and Gu¨rdal (2001, 2002) and Blom et al. (2006) led to formulations of tow-
steered ply deﬁnitions with a minimum number of parameters to deﬁne reference courses for the tow-place-
ment head. Four analytical course deﬁnitions are common: geodesic paths, constant angle paths, constant cur-
vature paths and paths with linearly varying ﬁbre angles. In the tow-steered panel designs considered in this
work the ﬁbre angle is constrained to vary linearly.
2.1. Linear angle variation paths
It is assumed that the ﬁbre angle of the reference ﬁbre path varies linearly from the value h0 at the centre of
the panel to h1 at a speciﬁed distance d. This distance is often taken as a characteristic dimension of the panel.
In the case of rectangular laminates this is generally half of the panel width in the direction along which the
linear variation takes place. Therefore, the orientation of a single curvilinear ﬁbre path can be denoted using
hh0jh1i. Since a ply is made of ﬁbres oriented similarly to the reference ﬁbre path, the description of the ref-
erence ﬁbre path will also serve to describe the ply. A ‘‘±’’ sign in front of this term means that there are two
adjacent layers with equal and opposite h0 and h1 angles.
For the sake of simplicity, the origin of the variation (x0,y0), can be located at the centre of the plate. In this
case, the reference curve is assumed to be anti-symmetric about the origin of the variation. The piecewise con-
tinuous functions which deﬁne the ﬁbre path orientation can be determined in terms of h0 and h1:hðxÞ ¼
ðh0h1Þ
d  xþ h0; d 6 x < 0
ðh1h0Þ
d  xþ h0; 0 < x 6 d
(
ð1ÞIn the laminate designs considered in the present paper, the axis of ﬁbre angle variation (x) is perpendicular to
the loading direction (y). It was shown by Tatting and Gu¨rdal (2001, 2002) that such designs correspond to the
highest buckling loads.
The remainder of the ply is constructed by shifting this reference path as many times as needed for its com-
plete coverage. However, this method induces some complications. In panels created by shifting the reference
path, the boundaries of neighbouring courses do not match at all locations. This leads to irregular regions
between tow courses that can be accounted for by prescribing the shift distance so that no gaps occur. How-
ever, for curved reference paths, this practice produces overlapping regions where the thickness of the laminate
increases (Tatting and Gu¨rdal, 2001, 2002).
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To prevent the overlap regions, the tow-placement machine can be instructed to cut tows individually so
that no thickness builds up. This is referred to as the tow-dropping method, in opposition to the tow-overlapping
method (Tatting and Gu¨rdal, 2001, 2002). It results in constant thickness panels that contain small wedge-like
areas free of ﬁbres due to the dropping of the individual, ﬁnite thickness tows. These small ﬁbre-free areas are
likely to create resin-rich regions during cure which may be hot-spots for damage and failure. Examples of
panels manufactured be the tow-drop and overlap methods are shown in Fig. 1.2.3. Staggering
The thickness variation in tow-steered laminates manufactured according to the tow-overlapping method
can be reduced by applying a technique know as staggering (Blom et al., 2006; Tatting and Gu¨rdal, 2003).
It consists of shifting the origin of the main path of each ply by a small distance, diﬀerent for each ply. This
method not only produces more uniform tow-overlap panels but also helps dispersing the tow-drops in case of
constant-thickness, tow-steered panels. The laminates analysed in this work are designed using the staggering
technique.3. Progressive damage and failure analyses
The ability to predict the initiation and growth of damage in ﬁbre reinforced plastic structures is essential to
evaluate their performance and to develop reliable, safe designs which exploit the advantages oﬀered by com-
posites. Since most composite materials exhibit quasi-brittle failure with little or no margin of safety through
ductility, as oﬀered by many metals, the propagation of quasi-brittle failure mechanisms in composite struc-
tures must be understood.
Under normal operating conditions, laminated composite structures can exhibit local damage mechanisms
such as matrix cracks, ﬁbre breakage, ﬁbre-matrix debonding and delaminations which contribute to ﬁnal fail-
ure. Strength-based failure criteria are commonly used to predict these phenomena. A large number of con-
tinuum-based criteria have been derived to relate stresses and experimental measures of material strength to
the onset of failure (Hinton et al., 2002; Puck and Schu¨rmann, 1998; Sun and Tao, 1998). However, for most
of the cases, failure criteria can only predict the onset of the diﬀerent damage mechanisms occurring in com-
posite materials. For composite structures that can accumulate damage before structural collapse, the use ofFig. 1. Examples of tow-steered composite panels.
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have seen the development of numerical methodologies to address the progressive failure of composite mate-
rials (Sleight, 1999; Ladeve`ze et al., 2000; Tay et al., 2005; Basu et al., 2003; Talreja et al., 1992; Chang and
Chang, 1987; Allen et al., 1987a,b).
A typical methodology for a progressive failure analysis is illustrated in Fig. 2. At each load step, a non-
linear analysis is performed to account for the geometrically nonlinear response of the structure. Using this
nonlinear solution, the local lamina stresses are determined and checked against a failure criteria to determine
whether any failures have occurred for this load increment. If no failure is detected, the applied load is
increased and the analysis continues. When failure in the lamina occurs, a change in the stiﬀness tensor is cal-
culated based on the material degradation model. This adjustment accounts for the nonlinearity associated
with material damage. Static equilibrium needs to be re-established by repeating the geometrically nonlinear
analysis at the current load step, using the new material properties. This process is repeated until no additional
lamina failures are detected. The load step is then incremented until ﬁnal failure of the structure is detected. In
most models ﬁnal structural failure is identiﬁed at the load level at which static equilibrium can no longer be
reached. Because it generally converges quite rapidly, the most popular iterative scheme for the solution of the
nonlinear FE equations is the Newton–Raphson procedure.
At failure or close to, static equilibrium ceases to be achieved because fracture is in itself a dynamic process,
with sudden dissipation of energy and conversion into kinetic energy of a great part of the accumulated strain
energy. In this event, the solution of the static problem deﬁned by½Kfug ¼ fF g ð2Þ
becomes undetermined. However, if the inertia of the structure is taken into account, the system½M f€ug þ ½Kfug ¼ fF g ð3Þ
can be solved in most cases. In the last equations [M] and [K] are the system mass and stiﬀness matrices, {F} is
the applied force vector, {u} and {u¨} are the system displacements and accelerations, respectively. Therefore,
structural collapse due to fracture is often possible to be numerically simulated through dynamic analyses.
The most simple damage model for laminated composites is the ply discount: when ﬁrst-ply failure is
detected the whole stiﬀness of the lamina is removed from the laminate stiﬀness matrix, as illustrated in
Fig. 3. This method, and other simpliﬁed methods, can be used to get rough estimates of the ﬁnal failureInitial Equilibrium State
Load Increment ΔP
Geometrical Nonlinear Analysis
Equilibrium established?
Compute Stress State
Ply Failure Detected ?
Check Failure Criteria
Degrade Ply Material 
Stiffness Properties
Final Failure 
Predicted
yes
no
yes
no
Fig. 2. Typical progressive failure analysis methodology (after Sleight, 1999).
σεply discount method:
instantaneous unloading
gradual unloading
with ply material 
degradation
ply strength
Gc
Fig. 3. Idealised damage behaviours in composite laminates.
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the quasi-brittle failure of composites. In this way, the more realistic gradual unloading of a ply after the onset
of damage is simulated by means of a material degradation model. Non-linear constitutive models deﬁned in
the context of the mechanics of continuum mediums have been developed and implemented in FE codes in the
past (e.g. Maimı´ et al., 2007a,b, Sleight, 1999, Ladeve`ze et al., 2000, Tay et al., 2005, Basu et al., 2003, Talreja
et al., 1992, Chang and Chang, 1987, Allen et al., 1987a,b).
The damage model used in this work for the prediction of the post-buckling response and structural col-
lapse of variable-stiﬀness panels is based in the previous work of the second author (Maimı´ et al., 2007a,b).
The main diﬀerences between the model used here and damage models for composites previously developed
are the use of physically-based criteria to predict the onset of matrix cracking and ﬁbre fracture, which include
the eﬀect of the ply thickness on its transverse tensile and shear strengths, the modiﬁcation of Bazˇants crack
band model (Bazˇant and Jira´sek, 2002) to ensure a mesh independent solution in scenarios where the fracture
planes may have several orientations, and the simulation of crack-closure eﬀects under load reversal cycles. In
addition, the majority of the material properties required for the deﬁnition of the damage model can be mea-
sured using standard test methods that are deﬁned at ply level. This represents a clear improvement over dam-
age models that are deﬁned at laminate level and that require the measurement of new properties every time
the lay-up is modiﬁed.
4. Continuum damage model
The next section presents the main aspects of the damage model used in this work. The full details of the
derivation of the damage model are explained by Maimı´ et al. (2007a,b).
4.1. Constitutive model
The complementary free energy density of a ply is deﬁned by Maimı´ et al. (2007a,b):G ¼ r
2
11
2ð1 d1ÞE1 þ
r222
2ð1 d2ÞE2 
m12
E1
r11r22 þ r
2
12
2ð1 d6ÞG12
þ ða11r11 þ a22r22ÞDTþ ðb11r11 þ b22r22ÞDM ð4Þwhere d1 and d2 are the damage variables associated with longitudinal (ﬁbre) failure and transverse matrix
cracking, respectively. The damage variable d6 is inﬂuenced by longitudinal and transverse cracks; aii and
bii, (i = 1, 2) are, respectively, the coeﬃcients of thermal and hygroscopic expansion in the longitudinal
(i = 1) and transverse directions (i = 2); DT and DM are the temperature and moisture content variations with
respect to the corresponding reference values.
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stress tensor:e ¼ oG
or
¼ H : rþ aDTþ bDM ð5Þ
Here, H is the lamina compliance tensor represented as:H ¼ o
2G
or or ¼
1
ð1d1ÞE1 
t21
E2
0
 t12E1 1ð1d2ÞE2 0
0 0 1ð1d6ÞG12
2
664
3
775 ð6ÞThe longitudinal and transverse damage variables are identiﬁed using:d1 ¼ d1þ hr11ij r11 j þ d1
hr11i
j r11 j
d2 ¼ d2þ hr22ij r22 j þ d2
hr22i
j r22 j
ð7Þwhere hxi is the McCauley operator deﬁned as hxi:¼(x + jxj)/2. Damage caused by tension loads (d+) is
tracked separately from damage caused by compression loads (d). In this way, the eventual closure of trans-
verse cracks under load reversal is taken into account. Depending on the sign of the corresponding normal
stress, a damage mode can be either active or passive.
4.2. Damage activation functions
The elastic domain is assumed to be bounded by four distinct damage activation functions based on the
LaRC04 failure criteria (Pinho et al., 2005): longitudinal and transverse fracture under tension and compres-
sion. These failure criteria have been previously used by Lopes et al. (2007) to predict ﬁrst-ply failure in var-
iable-stiﬀness panels.
The four damage activation functions, FN, associated with damage in the longitudinal (N = 1+, 1) and
transverse (N = 2+, 2) directions represented in Fig. 4, are deﬁned as:F 1þ ¼ /1þ  r1þ 6 0; F 1 ¼ /1  r1 6 0
F 2þ ¼ /2þ  r2þ 6 0; F 2 ¼ /2  r2 6 0
ð8Þwhere the loading functions /N (N = 1+, 1, 2+, 2) depend on the strain tensor and material constants
(elastic and strength properties). The elastic domain thresholds rN (N = 1+, 1, 2+, 2) are related to the
damage variables dM (M = 1+, 1, 2+, 2, 6) by the damage evolution laws. The damage variables take
an initial value of 0 when the material is undamaged, and increase with damage evolution.1
3
1
2 2
3
3 3
r1+
r2+
r1-
r2-
(a) Longitudinal tensile fracture (b) Longitudinal compressive fracture
(c) Transverse fracture with α=0° (d) Transverse fracture with α=53°
1112
2221
12 11
2221
σ σ
σ σ σ σ
σσ
Fig. 4. Fracture surfaces and corresponding internal variables.
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ditions, assuming that the elastic domains in tension and in compression are coupled and that the transverse
and longitudinal elastic domains are uncoupled (Maimı´ et al., 2007a,b):rNþ ¼ max 1;max
s¼0;t
f/s1þg;maxs¼0;t f/
s
1g
 
; N ¼ 1; 2
rN ¼ max 1;max
s¼0;t
f/s1g
 
; N ¼ 1; 2
ð9Þ4.2.1. Longitudinal tensile fracture
The LaRC04 criterion (Pinho et al., 2005) for ﬁbre tension failure is:/1þ ¼
E1
XT
e11 ð10Þwhere E1 and XT are, respectively, the Young modulus and strength of a ply in the ﬁbre direction.
4.2.2. Longitudinal compressive fracture
Under combinations of longitudinal compression and in-plane shear, laminate failure is dominated by the
phenomena of ﬁbre kinking. The damage activation function for these loading cases is established as a function
of the components of the eﬀective stress tensor ~r in a coordinate system (m) representing the ﬁbre misalign-
ment, and the in-plane shear strength, SL, as:/1 ¼
j ~rm12 j þgL~rm22
 
SL
ð11Þwhere the coeﬃcient of longitudinal inﬂuence, gL can be approximated as (Pinho et al., 2005):gL   SL cosð2a0Þ
Y C cos2 a0
ð12Þwhere YC is the strength of a ply in the direction perpendicular to the ﬁbres and a0 is the angle between the
fracture plane and the ply midplane. Typically, for carbon-epoxy and glass-epoxy under pure transverse com-
pression, a0  53
The components of the eﬀective stress tensor in the ﬁbre misalignment coordinate system are calculated as:~rm22 ¼ ~r11 sin2 uC þ ~r22 cos2 uC  2 j ~r12 j sinuC cosuC
~rm12 ¼ ð~r22  ~r11Þ sinuC cosuCþ j ~r12 j cos2 uC  sin2 uC
  ð13Þ
The misalignment angle (uC) is determined using the shear and longitudinal compression strengths for the
unconstrained ply, SL and XC, respectively (Pinho et al., 2005):uC ¼ arctan
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4 SLXC þ gL
	 

SL
XC
r
2 SLXC þ gL
	 

0
BB@
1
CCA ð14Þ4.2.3. Transverse fracture perpendicular to the laminate mid-plane
The combination of in-plane shear stresses and transverse tensile stresses, or in-plane shear stresses and rel-
atively small transverse compressive stresses may lead to transverse matrix cracking perpendicular to the mid-
plane of the ply, i.e. with a0 = 0. This damage initiation event is tracked by the following criteria:/2þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 gÞ ~r22Y T þ g
~r22
Y T
	 
2
þ ~r12SL
	 
2r
if ~r22 P 0
1
SL
hj ~r12 j þgL~r22i if ~r22 < 0
8><
>: ð15Þ
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ture energies per unit surface, respectively.
4.2.4. Transverse compressive fracture
The matrix failure criterion (Pinho et al., 2005) for transverse compressive loading is deﬁned by a quadratic
interaction between the eﬀective shear stresses acting on the fracture plane (Maimı´ et al., 2007a,b):/2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~sTeff
ST
 2
þ ~s
L
eff
SL
 2s
if ~r22 < 0 ð16ÞThe eﬀective stresses ~sTeff and ~s
L
eff are computed as:~sTeff ¼ ~r22 cosða0Þ½sinða0Þ  gT cosða0Þ cosðhÞ
 
~sLeff ¼ cosða0Þ½j ~r12 j þgL~r22 cosða0Þ sinðhÞ
  ð17Þwhere the sliding angle h is determined by:h ¼ arctan  j ~r12 j
~r22 sinða0Þ
 
ð18ÞThe transverse shear strength, ST, and the coeﬃcient of transverse inﬂuence, g
T, are approximated as:ST ¼ Y C cosða0Þ sinða0Þ þ cosða0Þ
tanð2a0Þ
 
gT ¼ 1
tanð2a0Þ ð19Þ4.3. Damage evolution laws
The standard implementation of strain-softening constitutive models results in mesh-dependent results, i.e.
the solution is non-objective with respect to the mesh reﬁnement, and the computed energy dissipated
decreases with the reduction of the element size.
An eﬀective solution to assure objective solutions consists in using the characteristic length of the ﬁnite ele-
ments, l* (corresponding to the square root of the area represented by one integration point), in the deﬁnition
of the constitutive model (Bazˇant and Jira´sek, 2002). As schematically shown in Fig. 5, the post-peak response
of the material is scaled as a function of the element size to keep the computed energy dissipation independent
of the size of the element, and equal to the material fracture energy.σ
ε2ε 1
l1
*
l2*
Gc
l2*  < l 1*
ε
l*
Fig. 5. Scaling of constitutive model for diﬀerent element sizes.
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associated with the four failure modes shown in Fig. 4.
The exponential damage evolution laws proposed by Maimı´ et al. (2007a,b) are expressed in the following
general form:Fig. 6.dM ¼ 1 1fN ðrN Þ exp AM ½1 fN ðrN Þf gf ðrKÞ ð20Þwhere the function fN (rN) is selected to force the softening of the constitutive relation. AM (M = 1+, 1, 2+,
2, 6) are damage law parameters that assure that the dissipated energy computed by the numerical model is
independent of mesh reﬁnement. f (rK) is the coupling factor between damage laws and elastic threshold do-
mains. The damage evolution laws for each damage variable are described by Maimı´ et al. (2007a,b).
The parameters AM (M = 1+, 1, 2+, 2, 6) used in Eq. (20) are not deﬁned a priori, but are instead cal-
culated internally by the model to ensure that the computed energy dissipation is independent of the element
size. The equality between the rate of energy dissipation (l*gM) for each failure mode and the corresponding
fracture toughness (GM) is imposed by:lgM ¼ l
Z 1
1
oG
odM
odM
orM
drM ¼ GM ; M ¼ 1þ; 1; 2þ; 2; 6 ð21ÞEq. (21), used together with Eq. (20), are numerically integrated to calculate the parameters AM. However, is it
possible to obtain a closed form solution to one of the Eqs. (21):A6 ¼ 2l
S2L
2G12G6  lS2L
ð22ÞEq. (22) shows that the parameter A6 is a function of the characteristic element size (l*), of the ply shear mod-
ulus and shear strength (G12), and of the fracture toughness (G6). As an example, the relation between A6 and
l* is plotted in Fig. 6.
In summary, the independent material properties required to deﬁne the damage model are:
• Ply elastic properties (E1, E2, G12, t12) and ply strengths (XT, XC, YT, YC, SL). These properties can be mea-
sured using test standards deﬁned by ASTM (1987, 1994, 2000).Variation of the parameter A6 with the characteristic element size l* (Eq. (22) with G12 = 5.1 GPa, G6 = 1.7N/mm, SL = 91 MPa).
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(G1+ and G1, respectively) and with transverse failure in tension and shear (G2+ and G6, respectively). G2+
can be measured using a standard test procedure devised by ASTM (2001). G1+ and G1 are measured using
compact tension and compact compression tests developed by Pinho et al. (2006). G6 can be measured using
the four-point bending end-notched ﬂexure test proposed by Martin et al. (1998).
The fracture toughness G2 is dependent on G6 and on the angle a0 in the form G2 = G6/cosa0 (Maimı´
et al., 2007a,b). Additionally, the model requires the input of the in-situ strengths Y isT and S
is
L , which are func-
tions of the independent material properties. The in-situ strengths can be calculated by means of closed-form
equations presented in Camanho et al. (2006).
The damage model described in the previous points was implemented by Maimı´ et al. (2007a,b) in ABA-
QUS FE code (ABAQUS, 2005) as a user-written UMAT (User MATerial) subroutine.5. Panel failure in postbuckling
The implementation of the continuum damage model in ABAQUS (Maimı´ et al., 2007a,b) enables the
numerical analysis of progressive failure of composite structures, in particular of variable-stiﬀness panels.
In this work, such capability is used to compare the postbuckling strength of panels built with straight and
steered ﬁbres. Furthermore, the results of the simulations are compared with experimental data obtained
by Jegley et al. (2003, 2005). The eﬀects of a circular central hole on the strength reduction of steered and
non-steered composite panels are also evaluated.5.1. Experimental set-up
The structures simulated consist of 20-layer composite panels (508 · 381 mm) with and without central
holes (D=76.2 mm), loaded in compression, as illustrated in Fig. 7. In previous experiments carried out by
Jegley et al. (2003, 2005), the load was increased in the postbuckling regime until failure. End-shortening
and out-of-plane displacements were measured by Direct Current Displacement Transducers (DCDT’s)
attached to the panels, as shown in Fig. 8. The advantages of tow-steered designs over straight-ﬁbre designs
were clearly demonstrated. Not only the buckling loads increased by up to a factor of 2 but also failure loads
showed a maximum increase of 56%.
Three variants of the composite panel specimens are considered, corresponding to three construction meth-
ods: (i) the straight-ﬁbre method, (ii) the ﬁbre-steered method with dropped tows and (iii) the ﬁbre-steeredFig. 7. Experimental set-up (after Jegley et al., 2003, 2005).
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Fig. 8. Panel geometry and boundary conditions. Dimensions are in mm.
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Tatting and Gu¨rdal (2001, 2002), based on buckling optimisation design. This optimisation was only carried
for the plates without holes. The same stacking sequence was used for the notched plates. For the straight-ﬁbre
conﬁguration, the best design was found to be the one with the stacking sequence [±452/±30/±45/±15]s whilst
for the stiﬀness-ﬁbre variants the best layup is [±45/±h45j60i2/±h30j15i/±h45j60i]s. The external plies were
constrained to the straight-ﬁbre method so that gaps and overlaps were avoided at the exterior of the laminate.
The tow-steered laminas are staggered in order to disperse the tow-drops and reduce the laminate thickness
variations. The thickness of each layer is 0.1397 mm, which add up to 2.795 mm thick laminates.5.2. Material properties and in-situ eﬀects
The panels tested were built with the carbon-epoxy system AS4/977-3. The elastic and strength properties
for this material system are summarised in Tables 1 and 2, respectively (Jegley et al., 2003, 2005).
The continuum damage model used requires the fracture energies per unit surface, corresponding to each
failure mode, as an input. These properties are not available for the material AS4/977-3.
The mode I and mode II components of the fracture toughness for matrix cracking used here, G2+ and G6,
respectively, were measured by Reeder (1992) for IM7/977-2 using interlaminar test methods.
There is no standard test method to measure the fracture toughness associated to fracture in the longitu-
dinal direction, G1+ and G1. Pinho et al. (2006) proposed new test methods based on compact tension and
compact compression specimens to measure G1+ and G1. These methods were used in a previous investiga-Table 1
AS4/9773 elastic properties
E1 (GPa) E2 (GPa) G12 (GPa) m12 a1(K
1) a1(K
1)
171.4 9.1 5.3 0.32 34.2 Æ 108 34.4 Æ 106
Table 2
AS4/9773 unidirectional strengths (MPa)
XT XC YT YC SL
2070 1160 29.0 157.9 91.0
C.S. Lopes et al. / International Journal of Solids and Structures 44 (2007) 8493–8516 8505tion for IM7/855-2 carbon epoxy (Camanho et al., 2007). The values measured by Camanho et al. (2007) are
used here. All the required independent values of the fracture toughness are shown in Table 3.
The strength of a lamina depends upon its location and thickness. This eﬀect, called the in-situ eﬀect, sig-
niﬁcantly inﬂuences the strength of a ply when it is constrained by other plies with diﬀerent ﬁbre orientations,
as explained by Camanho et al. (2006). In other words, when evaluating the strength of a laminate, the
strengths of each lamina should be calculated taking into account its position within the laminate and the
overall number of plies clustered together.
The in-situ transverse tensile and in-plane shear strengths, Y isT and S
is
L , follow from the respective critical
energy release rate for crack propagation, and are calculated using the closed-form equations deﬁned by Cam-
anho et al. (2006) which are functions of the unconstrained ply material properties only.
Three distinct cases need to be considered in the present work: embedded plies, outer plies and, due to lam-
inate symmetry, plies with twice the standard ply thickness (t). The calculated in-situ strengths are reported in
Table 4.5.3. FE implementation
The models simulate the boundary conditions used in the experiments and illustrated in Fig. 8. On the
lower edge, the built-in condition is modelled by restraining all degrees of freedom. On the top edge, displace-
ments are only allowed in the vertical direction. The load is introduced through an increasing compressive
force at the top edge. Out-of-plane displacements and rotations about the horizontal direction are restrained
at both side edges to simulate the eﬀect of the knife edges in the experiments.
The FE meshes hold between 29224 (notched specimen) and 30858 (unnotched specimen) fully integrated,
S4, shell elements, approximately 2.5 · 2.5 mm in size, with 177726 and 187284 degrees-of-freedom, respec-
tively for the notched and unnotched specimen. Such small elements are required for a correct representation
of the damage dissipated energy, as explained in the previous section. The minimum amount of memory
needed by the ABAQUS implicit solver to handle the amount of degrees-of-freedom in the FE models is
about 150 Mb, while close to 1 Gb is necessary in order to minimise hard disk access.
The FE models were originally constructed using identical layups, where each element corresponded to a
traditional straight ﬁbre layup, i.e. each shell element in the model deﬁnition pointed to the same shell prop-
erty entry card deﬁned to specify the stacking sequence of the complete laminate. For curvilinear-ﬁbre layers it
is necessary to deﬁne a speciﬁc stacking sequence for each individual element according to the requiredTable 3
Fracture energies per unit area (N/mm)
G2þ G6 G1þ G1
0.31 1.68 81.5 106.3
Table 4
In-situ ply strengths for the present problem (MPa)
Ply position Y Tis S
L
is
Embedded (t) 161.7 155.7
Embedded (2t) 114.2 128.7
Outer 102.2 128.7
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can be calculated for an arbitrary point in the panel and a generic FE model can be transformed into a tow-
steered design merely by re-deﬁning the layup property entry, the ABAQUS *Shell Section card, for
each element. This process has been automated through the development, by Tatting and Gu¨rdal (2002,
2003), of a Java-based software tool termed Laminate Deﬁnition Tool (LDT) designed to re-deﬁne a ﬂat lam-
inate with the desired tow-steered layup. Therefore, for each element in the tow-steered FE models a unique
*Shell Section is created. The amount of memory required to assemble the stiﬀness matrices for these
cases ascends to more than 3 Gb.
The LDT tool not only redeﬁnes the local ﬁbre direction but, for the case of tow-overlapping designs, also
updates the laminate thickness by stacking extra layers at the overlap locations. This thickness buildup is,
however, not symmetrical. As the tows are laid down over a ﬂat mandrel, the overlapping occurs only in
the free side of the panel, as shown in Fig. 9. This aspect is accounted for in the FE model by oﬀsetting
the midsection of each shell element, accordingly.
The thickness of tow-steered panels with overlapping tows is at least equal to the nominal thickness corre-
sponding to the desired laminate design. The plies are staggered to interweave the overlaps as most as possible.
However, the resulting panels still show a variation on the local number of layers that ranges from 20 to 26.
Roughly, 99% of the panel area has a thickness between 20 and 24 plies (20 plies: 33%, 22 plies: 33%, 24 plies:
33%) and only about 1% corresponds to the thickness of 26 plies. Hence, the mass of the panel increases 10.2%
in comparison to its constant thickness counterparts. Fig. 10 shows the thickness distributions of the notched
and unnotched panels designed according to the overlap method.
One of the requirements imposed on the optimisation procedure carried out by Tatting and Gu¨rdal (2001,
2002) was that generated designs should fail at a reasonably higher load than the buckling load. This was ver-
iﬁed using the Tsai–Wu ﬁrst-ply failure criterion. Therefore, if damage and failure analyses are to be conducted
on these panels they should contemplate the non-linear postbuckling phase. In order to generate the nonlinear
solutions in the buckling path using ABAQUS, a linear bifurcation analysis is performed at ﬁrst and the ﬁrst
two buckling modes for the structure are calculated. Then the ﬁnite element model is re-deﬁned with the buck-
ling modes introduced as initial imperfections with small amplitudes as compared to the panel thickness (1–5%).
Finally, geometric and material nonlinear solutions are determined for loads up to structural failure as pre-
dicted by the implemented damage model. Panel inertia is taken into account by using a dynamic solution pro-
cedure. The problem is stabilised by the introduction of the mass matrix and the mode jumping phenomenon,
where a signiﬁcant part of the model strain energy is suddenly released, can be accurately predicted.
Residual thermal stresses resulting from the laminate curing process are simulated through application of
thermal steps previous to the load bifurcation and the nonlinear dynamic loading steps. In these thermal steps
a linear cooldown (DT = 137.8 C) is prescribed (Wu et al., 2002).
The user-developed FORTRAN routine UMAT, which implements of the continuum damage model, is run at
each equilibrium iteration for each of the element integration points. This routine can also handle thermal
loading events such as curing cooldown. Each nonlinear analysis takes about 12 h to complete using two
state-of-the art CPU’s in parallel processing.20 plies 20 plies22 plies 22 plies24 plies
26 plies 24 plies
shell midsection
shell node
offset=t/2
t
Fig. 9. Top: detail of a typical variable-thickness section of a panel with overlapping tows. Bottom: FE modelling approach.
Fig. 10. Thickness distribution of the panels with overlapping tows. The number of plies varies from 20 to 26.
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In this chapter the results obtained through FE analyses on the composite panels, with and without central
hole, are presented. These are compared with experimental data when available. Since the analyses cover sev-
eral structural phenomena such as induced thermal stresses, buckling, damage and failure, the following expla-
nation is divided accordingly.
6.1. Residual thermal stresses
During the curing process, stress-free laminates at an elevated temperature are gradually brought down to
room temperature. Since the plies have diﬀerent coeﬃcients of thermal expansion in the longitudinal and
transverse directions, a residual stress state is induced after curing the laminate. These residual stresses may
have an important inﬂuence in the laminate failure process. For variable-stiﬀness panels, the thermal residual
stresses are not uniform layerwise like they are for straight-ﬁbre laminates. This generates non-zero section
forces throughout the laminates which also inﬂuence the bifurcation loads besides further aﬀecting the damage
path. Therefore, the ﬁrst step required for the correct analysis of the composite panels is the computation of
the stress/displacement state resultant of the curing process.
Fig. 11 shows, as an example, the magnitude of the deformations after curing for two of the unnotched
panels. For comparison, the shape of the panels before cooldown is plotted on top of the deformed shape.
The straight-ﬁbre panel shrinks almost 0.6 mm in the longitudinal direction and slightly expands in the
width direction. This deformation is homogeneous in-plane, i.e. the edges remain straight after deformation.
The tow-steered panel shrinks in both longitudinal and width directions but the deformation is not homoge-
neous. The maximum magnitude of the deformations is about one third of the veriﬁed in the straight-ﬁbre
panel.
The nonhomogeneity of the deformations in tow-steered panels due to curing is associated with the non-zero
residual section forces shown in Fig. 12. Negative forces develop close to the edges of the panels while
positive forces as high as 18.5 N/mm, in the loading direction, appear at the inside regions. These are beneﬁcial
in resisting buckling since the unsupported centre of the panel is the region that eventually triggers this
instability.
Fig. 11. Residual displacement magnitudes after curing (mm). Deformed and undeformed panel shapes are compared with a deformation
magniﬁcation of 100·.
Fig. 12. Residual thermal section forces (N/mm).
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As observed experimentally, when loaded under increasing compressive force, the unnotched panels buckle
in a half-wave pattern and remain on this buckling mode as the load increases up to structural failure of the
panel. However, the central cut-out triggers the change of mode from half-wave to a full-wave pattern
(Fig. 13).Fig. 13. Buckling modes for the panel conﬁgurations analysed.
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Fig. 14. End-shortening and out-of-plane displacement curves for the panels with central holes.
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placement curves plotted in Fig. 14. Taking, as an example the straight-ﬁbre panel under compression, out-
of-plane displacements are not observed until the 1st bifurcation point is reached at a load level of
13.9 kN. As the panel buckles in a half-wave pattern, the displacements measured by DCDT3 and DCDT4
grow in the same (positive) direction. Also, a decrease of structural stiﬀness is revealed by the end-shortening
load-displacement curve. At 22.8 kN the panel ﬁnds another equilibrium path by changing its shape to a full-
wave buckle. The displacements measured by DCDT3 still evolve in the same direction but DCDT4 is taken to
a slightly negative displacement path. The in-plane displacement curve shows that between these two equilib-
rium states, the load carrying capability of the panel slightly decreases. This second mode is maintained until
the structure ﬁnally fails. For the remaining notched panels the behaviour is similar. The respective buckling
and transition loads are summarised in Table 5. All the predictions fall within an interval of 5% diﬀerence
from the experimental results.
Fig. 14 also compares the displacements measured experimentally with the ones obtained numerically.
There is good agreement between the end-shortening curves. However, the out-of-plane displacements
observed in the experiments are replicated by FE analyses with less accuracy, mainly for the tow-steered
panels.
The beneﬁt of steering ﬁbres in the plane of the laminate is clearly visible by analysing the buckling load
results presented in Table 5. According to the experimental results, the linear response range is extended by
42% for tow-steered laminates with dropped tows and 90.3% for the case of overlapping tows. Here, the extra
mass of the steered laminates with overlapping tows is taken into account by mass-normalising the results.
In part, this beneﬁcial eﬀect can be attributed to the added capacity for load redistribution of tow-steered
laminates, i.e. curvilinear ﬁbre designs redirect load ﬂuxes from the central regions to the edges of the panel.
Since the edges are stiﬀer due to the prescribed boundary conditions, buckling of the structure is delayed until
a higher load is applied. Another cause for higher buckling loads in tow-steered panels is the eﬀect of induced
thermal stresses. As seen previously, curvilinear-ﬁbre laminates develop in-plane thermal stresses during the
curing process, resulting in tensile pre-stress regions in the centre of the panels. These remarkably improve
the bifurcation loads. If no pre-stresses were taken into account in the analyses of these panels, the initial
bifurcation loads would be underpredicted by 30%, on average. In addition, tow-overlaps generate the eﬀect
of ‘‘integral stiﬀeners’’ in the panel. This helps increasing buckling loads further.6.3. Damage
By progressively increasing the compressive forces above the buckling and transition loads, the growing
stresses on the panels eventually lead to damage initiation and propagation at speciﬁc locations on some of
the panel layers. This means that the combination of local longitudinal, transverse and shear stresses is such
that one or more damage initiation criteria is fulﬁlled. For two reasons the outmost layers of the panels are
more prone to start damaging sooner than the inner ones. Due to the installed buckling mode, the panel
deforms out-of-plane with increasing bending forces. As a result, the bending strains and stresses are higherTable 5
Buckling load results
Conﬁg. C. Method B.L. (Exp.)
(kN)
B.L. (Num.)
(kN)
Diﬀ.
(%)
Imp.
(%)
M.T. (Exp.)
(kN)
M.T. (Num.)
(kN)
Diﬀ.
(%)
Imp.
(%)
No hole Straight ﬁbres 15.6 14.6 6.8 – – – – –
Tow-drops – 22.0 – 50.7 – – – –
Tow-overlaps – 31.0 – 93.0 – – – –
Hole Straight ﬁbres 13.9 13.7 1.4 – 22.8 22.3 2.2 –
Tow-drops 19.7 20.6 +4.6 42.0 31.6 31.7 +0.3 38.6
Tow-overlaps 29.1 28.8 0.7 90.3 53.0 51.2 3.4 120.4
Comparative results are mass-normalised. Exp. – experimental results; Num. – numerical results; B.L. – buckling load; M.T. – mode
transition load; Diﬀ. – diﬀerence between experimental and numerical results; Imp. – improvement due to material design.
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the buckles, respectively. The second reason for premature damage is the reduced in-situ strength of the two
outmost panel layers. As they become damaged and their load-carrying capability decreases, the load is trans-
ferred to the adjacent layers. Eventually these also start to damage as a consequence of increased stress levels.
Most of the load is transferred along the longitudinal direction, such that the ﬁrst damage onset criterion to
be fulﬁlled is the one for ﬁbre compression (kinking). On average this type of damage initiates when about
80% of the maximum load allowed is applied. However, tow-steered panels, mainly the ones with tow-over-
laps, show a shorter damage load range i.e. a higher elastic behaviour capacity.
Figs. 15 and 16 depict, as examples, the longitudinal and transverse damage variable ﬁelds (d1 and d2) at max-
imum loading (77.9 kN), for the four outmost layers at each side of the tow-steered panels with tow drops and
central holes. The damage ﬁelds are similar for the panels constructed according to the other design techniques.
Surprisingly, in spite of the central hole, the regions of the panels where damage accumulates and that even-
tually lead to their ﬁnal failure are close to the knife edges (Figs. 15 and 16), as happens to the panels without
cut-outs. At those locations the out-of-plane curvature of the panel is generally higher, hence the in-plane
compressive loading is added to bending-induced compression. The bending-induced stresses are such that,
as the applied load levels increase, the transverse tension damage initiation criterion is fulﬁlled. However, this
phenomenon is observed only at the last loading stages and only at the outer plies (Fig. 16).
The comparison of the damage response of the laminates built according to the three diﬀerent construction
methods is best done by analysing the damage initiation load values presented in Table 6. As expected, dam-
age initiation is postponed to higher loads as the laminate construction method is changed from straight to
steered ﬁbres. The beneﬁt is, however quite remarkable for the panels with overlapping tows for which damage
is initiated at up to a 63.3% higher load level than for its straight-ﬁbre counterpart.Fig. 15. Longitudinal (ﬁbre) damage variable (d1) on the four outmost layers at each tow-steered (with tow-drops) panel side, at maximum
load level (77.9 kN). Note. Layer 1 has the lowest out-of-plane coordinate value.
Fig. 16. Transverse (matrix) damage variable (d2) on the four outmost layers at each tow-steered (with tow-drops) panel side, at maximum
load level (77.9 kN). Note: Layer 1 has the lowest out-of-plane coordinate value.
Table 6
Damage initiation loads. Comparative results are mass-normalised
Conﬁg. C. Method Damage onset (ﬁbre damage)
(kN)
Design improvement
(%)
Eﬀect of the hole
(%)
Matrix damage onset
(kN)
No hole Straight ﬁbres 61.5 – – 71.1
Tow-drops 77.0 +25.2 – 83.8
Tow-overlaps 97.5 +53.2 – 102.1
Hole Straight ﬁbres 47.2 – 23.3 59.9
Tow-drops 63.6 +34.7 17.4 73.6
Tow-overlaps 80.1 +63.3 17.8 95.6
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panel elastic load range. For traditional straight-ﬁbre panels the central hole causes the a decrease higher than
23% on the damage onset load. For tow-steered panels this diﬀerence is reduced to an average 17.6%.
By comparing Tables 5 and 6 it can be concluded that, for the constant-thickness laminates damage initi-
ation occurs at a load around 3.4 times higher than buckling. This factor is reduced to 3.2 and 2.75 for tow-
steered designs with drops and overlaps, respectively.
As explained, although the onset of damage is due to ﬁbre kinking, matrix cracks due to transverse tension
also occur at a higher load level. The combination of these two damage modes eventually leads to the ﬁnal
failure of the composite panels.
6.4. Strength
Fig. 17 shows the load vs. end-shortening curves for the tested and simulated panels with central holes. The
lines end at the failure load levels.
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Fig. 17. Load vs. end-shortening curves for the simulated and tested panels. Hollow symbols identify damage progression.
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results except for the design with overlaps and only after mode transition. Here, the predicted equilibrium path
and panel stiﬀness after mode transition are slightly diﬀerent from the experimental results. The extra stiﬀness
observed in the experiments is probably caused by three-dimensional eﬀects associated with the overlapping
tows. These aﬀects are neglected in the simpliﬁed shell models.
There are also visible diﬀerences between experimental and numerical results at the end of the load paths.
The simulations predict a slight material softening while this behaviour was not observed in the experiments,
i.e. the composite panels failed catastrophically without visible damage. This softening is coincident with the
load interval in which matrix damage occurs. Here, the fracture toughness properties being used may be play-
ing a role, mainly for the transverse direction. The fracture energy for the 977-3 resin used in the fabrication of
the laminates, but whose properties are not known, may be higher than for the 977-2 resin whose properties
are used instead.
The failure loads are predicted to within 10% diﬀerence of the experimental failure loads. The accuracy on
the prediction of the end-displacement levels at which failure occurs is also fairly good except in the case of the
tow-drop design technique. Here, the probable cause for the mismatch are the stress concentrations occurring
around resin-rich areas caused by the incomplete coverage of a ply with ﬁbres due to individual dropping of
tows. These hot-spots for damage are not physically implemented in the FE models, therefore predictions on
their eﬀects are not possible.
Table 7 compares the strength results obtained for the diﬀerent panels. The beneﬁcial eﬀect of steering ﬁbre-
tows within each lamina is remarkable. As with damage initiation, the greatest advantage (55.5%) is achieved
with the notched tow-steered panel constructed with the tow-overlapping technique. Also here, the detrimental
eﬀect of the hole on strength is reduced from around 22%, for constant thickness panels, to 14% in the case of
curvilinear and overlapping tows.
The shape and ﬁbre damage variable (d1) of straight and curvilinear ﬁbre panels at collapse are represented
in Fig. 18. Numerical solutions at this load-displacement stage are only possible with dynamic analyses in
which inertia eﬀects are taken into account. The panels built with straight ﬁbres and curvilinear ﬁbre with
dropped tows collapse along two folds which start at the same location on each panel edge and go around
the hole. The variable-stiﬀness panel with overlapping tows shows an unsymmetrical collapsing behaviour
Table 7
Strength results
Conﬁg. C. Method Strength (Exp.) (kN) Strength (Num.) (kN) Diﬀ. (%) Design Improvement (%) Eﬀect of the hole (%)
Straight ﬁbres 78.7 79.0 +1.7 – –
No Hole Tow-drops – 98.9 – +25.2 –
Tow-overlaps – 114.8 – +41.2 –
Straight ﬁbres 67.7 61.7 8.9 – 21.9
Hole Tow-drops 76.8 77.9 +1.4 +13.4 21.2
Tow-overlaps 109.0 101.1 8.2 +55.5 11.9
Comparative results are mass-normalised.
Exp. – experimental results; Num. – numerical results; Diﬀ. – diﬀerence between experimental and numerical results.
Fig. 18. Fibre damage at panel collapse.
8514 C.S. Lopes et al. / International Journal of Solids and Structures 44 (2007) 8493–8516because the panel itself is not exactly symmetric (see Fig. 10). Instead, it was cut from a bigger panel. As the
cutting was not made exactly at the intended locations, the origin of the tow angle variation is not coincident
with the centre of the panel.7. Conclusions
Buckling, progressive damage and failure analyses were conducted on panels with and without central cut-
outs, designed by the straight-ﬁbre technique and innovative tow-steering design methods. Known, through
previous experimental testing, to increase the buckling loads as compared to traditional laminates, the damage
behaviour and ﬁnal structural collapse of curvilinear-ﬁbre panels remained uncharacterised. The use of a con-
tinuum damage model in the commercially available code ABAQUS allowed the simulation of the complete
response of composite panels when subjected to increasing compression loads.
The numerical results produced in this work agree well with experimental data, either in terms of buckling
loads and of ﬁnal structural failure. Laminates with curvilinear-ﬁbre topology, mainly the ones in which ﬁbre
tows are allowed to overlap, show remarkable improvements on the retardation of damage initiation and on
the increase of structural strength. In both indicators, the beneﬁt is higher than 55%.
Surprisingly, the central hole is not the main geometrical cause for failure of notched panels, although stress
redistribution due to the cut-out may be playing a role. The prescribed boundary conditions in combination
with the panel curvature due to buckling originate higher stress concentrations that eventually lead to ﬁnal
structural failure due to a combination of ﬁbre kinking and transverse tensile cracks.
Variable-stiﬀness panels demonstrate capacity for load redistribution, i.e. curvilinear ﬁbre panels can redi-
rect load ﬂuxes from the central regions to their stiﬀer edges, hence increasing buckling loads and delaying the
initiation of damage and ﬁnal structural failure to higher applied load levels. Also, thermally induced stresses
C.S. Lopes et al. / International Journal of Solids and Structures 44 (2007) 8493–8516 8515due to curing cooldown have a critical inﬂuence on this performance. The numerical results show that the neg-
ative inﬂuence of a central hole on damage initiation and structural failure of a composite panel is reduced
signiﬁcantly if the panel is designed according to the method of curvilinear overlapping tows instead of
straight-ﬁbres.
Further damage analyses should take into account the wedge resin-rich regions created where tows are
dropped. These may trigger damage initiation at a lower loading stage. Also, the three-dimensional nature
of overlapping tows should be fully described.
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